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1. Formulation of the problem and result
In the space l2 consisting of elements a = (a1, a2, . . . , am, . . .), with
∑
∞
m=1 a
2
m <∞, and
inner product (a, b) =
∑
∞
m=1 ambm, the motions of the countably many pursuers Pi and
the evader E are defined by the hybrid system of differential equations
P : p˙ = µ, p(0) = p0,
E : e¨ = ν, e˙(0) = e1, e(0) = e0,
(1.1)
where p, p0, µ, e, e
0, e1, ν ∈ l2, µ = (µ1, µ2, . . . , µm, . . .) is the control parameter of the
pursuer Pi, and ν = (ν1, ν2, . . . , νm, . . .) is that of the evader E. Let ϕ be a given positive
number.
A ball of radius δ and center at the point x0 is denoted by B(x0, δ) = {x ∈ l2 : ‖x−x0‖ ≤
δ}.
Definition 1.1. A function µ(·), µ : [0, ϕ]→ l2, such that µm : [0, ϕ]→ R1, m = 1, 2, . . . ,
are Borel measurable functions and
‖µ(·)‖2
2
=
ϕ∫
0
‖µ(s)‖2 ds ≤ Γ2, ‖µ‖ =
∞∑
m=1
µ2m,
where Γ is given positive number, is called an admissible control of the pursuer.
Definition 1.2. A function ν(·), ν : [0, ϕ]→ l2, such that νm : [0, ϕ]→ R1, m = 1, 2, . . . ,
are Borel measurable functions and
‖ν(·)‖2
2
=
ϕ∫
0
‖ν(s)‖2 ds ≤ Υ2, ‖ν‖2 =
∞∑
m=1
ν2m,
where Υ is a given positive number, is called an admissible control of the evader.
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Once the players’ admissible controls µ(·) and ν(·) are chosen, the corresponding motions
p(·) and e(·) of the players are defined as
p(t) = (p1(t), p2(t), . . . , pm(t), . . .), e(t) = (e1(t), e2(t), . . . , ek(t), . . .),
pm(t) = p
0
m +
t∫
0
µm(s) ds, em(t) = e
0
m + te
1
m +
t∫
0
s∫
0
νm(r) dr ds.
One could observe that p(·), e(·) ∈ C(0, ϕ; l2), where C(0, ϕ; l2) is the space of functions
f(t) = (f1(t), f2(t), . . . , fm(t), . . .) ∈ l2, t ≥ 0,
such that the following properties are valid.
(1) fm(t), 0 ≤ t ≤ ϕ, m = 1, 2, . . . , are absolutely continuous functions;
(2) f(t), 0 ≤ t ≤ ϕ, is a continuous function in the norm of l2.
Definition 1.3. A function Ξ(t, p, e, ν), Ξ : [0,∞)× l2× l2× l2 → l2, such that the system
p˙ = Ξ(t, p, e, ν), p(0) = p0,
e¨ = ν, e(0) = e0, e˙(0) = e1,
has a unique solution (p(·), e(·)), with p(·), e(·) ∈ C(0, ϕ; l2), for an arbitrary admissible
control ν = ν(t), 0 ≤ t ≤ ϕ, of the evader E, is called a strategy of the pursuer P . A
strategy Ξ is said to be admissible if each control formed by this strategy is admissible.
For the admissible control ν(t) = (ν1(t), ν2(t), . . .), 0 ≤ t ≤ ϕ, of the evader E, according
to (1.1) we have
e(ϕ) = e0 + e1ϕ+
ϕ∫
0
t∫
0
ν(s) ds dt = e0 + e1ϕ+
ϕ∫
0
(ϕ− t)ν(t) dt,
and using (1.2) one can see
e(ϕ) = e0 +
ϕ∫
0
(ϕ− t)ν(t) dt = e0 + e1ϕ+
ϕ∫
0
(ϕ− t)ν(t) dt.
Therefore, instead of differential game described by (1.1) we can use an equivalent differ-
ential game with the same payoff function as the following:
P : p˙(t) = µ(t), p(0) = p0,
E : e˙(t) = (ϕ− t)ν(t), e(0) = e0 = e1ϕ + e0.
(1.2)
Proposition 1.4. The attainability domain of the pursuer P at time ϕ from the initial
state p0 at time t0 = 0 is the closed ball B
(
p0,Γ
√
ϕ
)
.
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Proof. By Cauchy-Schwartz inequality we obtain
‖p(ϕ)− p0‖ =
∥∥∥∥
ϕ∫
0
µ(s) ds
∥∥∥∥
≤
ϕ∫
0
‖µ(s)‖ ds
≤

 ϕ∫
0
12 ds


1/2
.

 ϕ∫
0
‖µ(s)‖2 ds


1/2
≤ Γ√ϕ.
Let p¯ ∈ B (p0,Γ√ϕ) . If the pursuer P uses the control
µ(t) =
p¯− p0
ϕ
, 0 ≤ t ≤ ϕ,
then we obtain
p(ϕ) = p0 +
ϕ∫
0
µ(t) dt = p0 +
ϕ∫
0
p¯− p0
ϕ
dt = p0 + p¯− p0 = p¯.
The above pursuer’s control is admissible. Indeed,
ϕ∫
0
‖µ(t)‖2 dt =
ϕ∫
0
‖ p¯− p0
ϕ
‖2 dt = ‖p¯− p0‖
2
ϕ
≤ 1
ϕ
Γ2ϕ = Γ2.

Proposition 1.5. The attainability domain of the evader E at time ϕ from the initial
state e0 at time t0 = 0 is the closed ball B
(
e0,Υ
√
ϕ3
3
)
.
Proof. We have
‖e(ϕ)− e0‖ =
∥∥∥∥
ϕ∫
0
(ϕ− t)ν(t) dt
∥∥∥∥
≤
ϕ∫
0
‖(ϕ− t)ν(t)‖ dt
≤

 ϕ∫
0
(ϕ− t)2 dt


1/2
.

 ϕ∫
0
‖ν(t)‖2 dt


1/2
≤ Υ
√
ϕ3
3
.
Let e¯ ∈ B
(
e0,Υ
√
ϕ3
3
)
. If the evader E uses the control
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ν(t) = 3(ϕ− t) e¯− e0
ϕ3
, 0 ≤ t ≤ ϕ,
then we obtain
e(ϕ) = e0 +
ϕ∫
0
(ϕ− t)ν(t) dt = e0 + 3 e¯− e0
ϕ3
ϕ∫
0
(ϕ− t)2 dt = e0 + e¯− e0 = e¯.
The above evader’s control is admissible. Indeed,
ϕ∫
0
‖ν(t)‖2 dt =
ϕ∫
0
‖3(ϕ− t) e¯− e0
ϕ3
‖2 dt = 9‖e¯− e0‖
2
ϕ6
ϕ∫
0
(ϕ− t)2 dt ≤ 9
ϕ6
Υ2
ϕ3
3
ϕ3
3
= Υ2.

The problem is to construct a winning strategy for the pursuer in the game (1.1) that
guarantees the equality p(ϕ) = e(ϕ), for any admissible control of the evader.
Theorem 1.6. Let
Z =
{
ζ ∈ l2 : 2(e0 − p0, ζ) ≤ ϕ
(
Γ2 −Υ2
√
ϕ5
5
)
+ ‖e0‖2 − ‖p0‖2, e0 6= p0
}
.
If e(ϕ) ∈ Z (phase constraint), then the pursuer has a winning strategy.
Proof. Let’s define the following strategy as a winning strategy for the pursuer.
Ξ(t) =
e0 − p0
ϕ
+ (ϕ− t)ν(t), 0 ≤ t ≤ ϕ.
Let’s show that the above strategy is admissible. Since the evader is satisfied to the phase
constraint, we have
2(e0 − p0, e(ϕ)) ≤ ϕ
(
Γ2 −Υ2
√
ϕ5
5
)
+ ‖e0‖2 − ‖p0‖2.
Using above inequality we have the following:
2

e0 − p0,
ϕ∫
0
(ϕ− t)ν(t) dt

 ≤ ϕ
(
Γ2 −Υ2
√
ϕ5
5
)
− ‖e0 − p0‖2.
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Indeed,
2

e0 − p0,
ϕ∫
0
(ϕ− t)ν(t) dt

 = 2 (e0 − p0, e(ϕ)− e0)
= 2 (e0 − p0, e(ϕ))− 2 (e0 − p0, e0)
= 2 (e0 − p0, e(ϕ))− 2‖e0‖2 + 2(p0, e0)
≤ ϕ
(
Γ2 −Υ2
√
ϕ5
5
)
+ ‖e0‖2 − ‖p0‖2 − 2‖e0‖2 + 2(p0, e0)
≤ ϕ
(
Γ2 −Υ2
√
ϕ5
5
)
− ‖e0‖2 − ‖p0‖2 + 2(p0, e0)
≤ ϕ
(
Γ2 −Υ2
√
ϕ5
5
)
− (‖e0‖2 + ‖p0‖2 − 2(p0, e0))
≤ ϕ
(
Γ2 −Υ2
√
ϕ5
5
)
− ‖e0 − p0‖2.
Thus, taking contribution of above inequality
ϕ∫
0
‖Ξ(t)‖2 dt =
ϕ∫
0
‖e0 − p0
ϕ
+ (ϕ− t)ν(t)‖2 dt
=
ϕ∫
0
(
‖e0 − p0
ϕ
‖2 + 2
(
e0 − p0
ϕ
, (ϕ− t)ν(t)
)
+ ‖(ϕ− t)ν(t)‖2
)
dt
=
ϕ∫
0
‖e0 − p0‖2
ϕ2
dt+ 2
ϕ∫
0
(
e0 − p0
ϕ
, (ϕ− t)ν(t)
)
dt +
ϕ∫
0
(ϕ− t)2‖ν(t)‖2 dt
≤ ‖e0 − p0‖
2
ϕ
+
2
ϕ

e0 − p0,
ϕ∫
0
(ϕ− t)ν(t) dt


+

 ϕ∫
0
(ϕ− t)4 dt


1
2

 ϕ∫
0
‖ν(t)‖4 dt


1
2
≤ ‖e0 − p0‖
2
ϕ
+
1
ϕ
(
ϕ
(
Γ2 −Υ2
√
ϕ5
5
)
− ‖e0 − p0‖2
)
+Υ2
√
ϕ5
5
≤ Γ2,
and therefore the strategy Ξ is admissible.
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Now we show that Ξ is a winning strategy for the pursuer. Indeed,
p(ϕ) = p0 +
ϕ∫
0
(
e0 − p0
ϕ
+ (ϕ− t)ν(t)
)
ds
= p0 +
ϕ∫
0
(
e0 − p0
ϕ
)
ds+
ϕ∫
0
(ϕ− t)ν(t) ds
= p0 + e0 − p0 +
ϕ∫
0
(ϕ− t)ν(t) ds = e(ϕ).

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